The thermal entry region in laminar forced convection of Herschel-Bulkley fluids is solved analytically through the integral transform technique, for both circular and parallel-plates ducts, which are maintained at a prescribed wall temperature or at a prescribed wall heat flux. The local Nusselt numbers are obtained with high accuracy in both developing and fully-developed thermal regions, and critical comparisons with previously reported numerical results are performed.
INTRODUCTION
The analysis of convection heat transfer to non-newtonian fluids inside ducts is of great importance in the design of thermal equipment in the pharmaceutical, food and petrochemical industries. This non-newtonian behavior is encountered in materials such as: solutions or melts of polymeric materials, oils and greases, cosmetics, toothpaste, soap and detergents, paints, cement and drilling muds. During the drilling operation, particularly in the petroleum industry, certain drilling muds and cements are of fundamental importance in providing a good operation and the well cementing. These drilling muds follow a non-newtonian behavior based on the Herschel-Bulkley model, a power-law fluid model with yield-stress, and their rheological properties are sensitive to the temperature. Therefore, the determination of the temperature distributions in such fluids are necessary for the complete control of these properties during the drilling operation.
Thus, in this context, the present work deals with the thermal problem in both the entry and fully-developed regions of fluids that follow the Herschel-Bulkley model, inside circular and parallel-plates ducts. The solution of this problem is obtained by applying the integral transform technique.
The analytic solution in the thermal entry region for both laminar and turbulent forced convection inside ducts involves difficulties due to the related auxiliary eigenvalue problem (Özisik et al., 1989) . Previous works have employed purely numerical techniques to solve the eigenvalue problem (Sellars et al., 1956; Shibani and Özisik, 1977) , such as the Runge-Kutta method, but only the first few eigenvalues can be determined by this technique. Consequently, it is not feasible to calculate heat transfer results in regions which are very close to the duct inlet because a large number of eigenvalues are needed for the computation of the series expansion based on the eigenfunctions.
Alternatively, numerical methods as finite-difference schemes have been employed to solve the complete system of partial differential equations, but accurate results were not obtained by these numerical schemes (Forrest and Wilkinson, 1973; Lin and Shah, 1978; Nouar et al., 1994; Mendes and Naccache, 1995) .
In the 80' s, Mikhailov and Vulchanov (1983) and Mikhailov and Özisik (1984) advanced the so-called Sign-Count Method based on the approaches of Williams (1971, 1974) , in order to solve the related Sturm-Liouville type eigenvalue problem, which permits the automatic and .highly accurately .determination .of .as .many eigenvalues .and.eigenfunctions .as are needed.
More recently, Cotta (1993) and Mikhailov and Cotta (1994) , also developed an approach to solve eigenvalue problems based on the ideas of Generalized Integral Transform Technique (GITT) which was demonstrated to be as efficient and safe as the sign-count method.
Therefore, to alleviate such difficulties pointed out in the solution of this heat transfer problem, and to be able to perform heat transfer calculations in regions very close to the duct inlet with a high degree of accuracy, the ideas on Integral Transform Technique in conjunction with the well-established sign-count method and GITT are used in the present work, aimed at establishing benchmark results for this problem.
ANALYSIS
The rheological behavior of the non-newtonian fluid described here is given by the Herschel-Bulkley model in the following form:
where, is the shear stress, is the yield stress, is the shear rate, K is the consistency index of the fluid and n is the power-law exponent which is less than unity for pseudoplastic fluids (shear thinning materials) and greater than unity for dilatant fluids (shear thickening materials). another region for where , and refers to that part of the fluid which is in shear flow (Forrest and Wilkinson, 1973) .
In the analysis of the thermal problem, we consider steady-state laminar forced convection heat transfer to hydrodynamically developed flow in the thermal entry region of an incompressible nonnewtonian fluid that follows the Herschel-Bulkley model, described by equations (1) and (4), inside both circular and parallel-plates ducts maintained at a prescribed wall temperature T w , or at a prescribed wall heat flux q w . The fluid enters the channels with a constant uniform temperature T o .
Axial heat conduction and viscous dissipation are neglected and the physical properties are considered temperature independent.
Then, the mathematical formulation of this heat transfer problem in dimensionless form is defined by: (6.a) subjected to the boundary and inlet conditions:
where in the boundary conditions (6.c), the coefficient m identifies whether the duct wall is subjected to a prescribed temperature or to a prescribed heat flux, in the following form:
In equations (6) above the following dimensionless groups were used:
where D h is the hydraulic diameter, defined as: (9) The velocity profile given by equations (4) The Fanning friction factor and the dimensionless radius of the plugflow region are functions of the Reynolds and yield numbers. The determination of both quantities is obtained by resolution of a simple transcendental equation, and due to space limitations is not described here. Table 1 below shows some results for the product f Re.
The problem given by equations (6) can be solved by the classical integral transform technique (Mikhailov and Özisik, 1984; Cotta, 1993) . In order to make the boundary conditions (6.c) homogeneous, so as to obtain a better computational performance in the series expansion, a splitting-up procedure is proposed as (Mikhailov, 1977; Mikhailov and Özisik, 1984) : (12) is the average temperature, defined as: (13) and, for the case of a prescribed wall heat flux, when we have all boundary conditions of the second kind, the average temperature is given a priori in the form: The solution for the transformed potential given by equations (21) is readily obtained in the form:
Therefore, introducing equation (22) into the inversion formula (19.a), the solution for is determined as:
Thus, equation (23) in conjunction with equation (16) for complete the solution for the potential defined in equation (12) . For the case of a prescribed wall heat flux, the average temperature is given by equation (14). For the case of a prescribed wall temperature, when it isn' t determined a priori, it may be readily obtained by substituting the solution for , equation (12), with m = 0, into equation (13) to yield:
The local Nusselt number for both situations is defined as: (25) after substituting equation (12) for , and equation (24), for the case of a prescribed wall temperature, into equation (25) above, the two distinct situations result:
, (26) for m = 0 the asymptotic Nusselt number, ,for this case, is obtained from equation (26), by considering only the first term in the summation, to yield: (29) and in this case the asymptotic Nusselt number, , is given by equation (28), making , so that
To complete the solution it is necessary to evaluate the eigenvalues, , the eigenfunctions and the normalization integral of the eigenvalue problem (18). Here, for instance, we have used both the sign-count method established in references (Mikhailov and Vulchanov, 1983; Mikhailov and Özisik, 1984) and the generalized integral transform technique (Cotta, 1993; Mikhailov and Cotta, 1994) to determine the eigenvalues and other related eigenquantities necessary to compute the average temperature and the local Nusselt numbers from equations (24) and (26-30).
RESULTS AND DISCUSSION
First, the eigenvalues and other related eigenquantities were obtained by the two approaches cited above. The results obtained through the two approaches are in perfect agreement. Due to space limitations they are not listed here. Then, the average temperature, , and the local Nusselt numbers, , were calculated.
In Tables 2.a to 2.d, the present results are validated against previous results for power-law fluids presented by Cotta and Özisik (1986a, 1986b) , in the thermal entry region, for the case of Y = 0 and n = 1/3, 1 and 3. From these tables it can be noticed that the results are in excellent agreement, providing a direct validation of the numerical code developed in this work. Table 3 .a shows the asymptotic Nusselt number from the present analysis and its comparison with those computed by Lin and Shah (1978) for various power-law exponents and yield numbers for both circular tubes and parallel-plates channels and considering a prescribed wall temperature. A similar analysis is also shown in Table  3 .b for the case of a prescribed wall heat flux. An excellent agreement between the results can be observed from these tables. Lin and Shah (1978) For the case of prescribed wall heat flux in a circular duct, Figure  1 shows the evolution of the local Nusselt number as a function of the axial coordinate, Z, in the thermal entry region. The power-law exponent here considered was n = 1 (newtonian situation) and the yield numbers were Y = 0, 5, 10 and 20. The analysis permits the comparison among the results from the present work and those obtained by Lin and Shah (1978) over the range 5x10 -3 1, and those by Nouar et al. (1994) over the range of 5x10 -6 10 -1 . From this figure only a reasonable agreement is observed between the results obtained by the two analyses, with a better agreement for increasing axial coordinate Z, i.e., only in the vicinity of the fullydeveloped region. Therefore, the two previous works, that have employed finite-differences schemes could not obtain numerical results with high accuracy in the thermal entry region.
In Figures 2 and 3 the local Nusselt numbers are shown in the thermal entry region for the case of prescribed wall temperature for both adopted geometries and for various power-law exponents and yield numbers. The increase of the power-law exponent shows a Nusselt number decrease, while for an increasing yield number there is an increase in the Nusselt number. These results are systematically larger for parallel-plates channels than for circular tubes.
Figures 4 and 5 present a similar analysis for the case of a prescribed wall heat flux and the same observations are noted in relation to the parameters studied, i.e., power-law exponents, yield numbers and geometries of the channels. Finally, from these figures it is also observed that the Nusselt numbers for the case of a prescribed wall heat flux are larger than those for the case of a prescribed wall temperature. 
CONCLUSIONS
The problem of laminar convective heat transfer in the thermal entry and fully-developed flow regions of a Herschel-Bulkley fluid, for both prescribed wall temperature and prescribed wall heat flux, and for circular and parallel-plates channel, has been analyzed, with excellent computational performance, through the Integral Transform Technique in conjunction with the Sign-Count method and
